Exploration: Elimination of Possibilities Technique
Chapter 3, Number 10 “The Three Squares”

NAME:

Problem: Three cousins, Bob, Chris, and Phyllis, are watching TV together. They got to talking
about their ages. Bob (the oldest) remarks that their ages were all between 11 and 30. Phyllis
remarked that the sum of their ages was 70. Chris, the youngest, excitedly called out, “If you
write out the squares of our ages, all of the digits 1 through 9 appear exactly once.” How old was
each cousin?

Guided Solution: At first glance, this seems rather daunting. So many possibilities! (In fact,
there are 1,140 possible triplets among the numbers 11 through 30.) We will attempt to eliminate
possibilities to narrow in on our answer. First, let’s consider Bob's clue that all three ages are
between 11 and 30. Here, | have written those numbers down along with their squares. Using
Chris' clue, which individual ages can be ruled out?

Possible | Square of Age Possible Square of Age
Age Age

11 121 21 441 Q

12 144 22 484

13 169 23 529

14 196 24 576

15 225 25 625

16 256 26 676

17 289 27 729

18 324 28 784

19 361 29 841

20 400 30 900

Think only of Chris
clue. How can we
eliminate some of

these ages right away?

Cross them off the list

and continue.

\

Write out the list of ages that we now know to be possible. Admire how we have whittled down

the original list considerably.



We could certainly continue by looking at every triplet (three of the possible ages) and see if
they sum to 70, but there are 220 such possible triplets. So, let’ s attempt to whittle down the field
alittle more.

Thinking about groups of three agesis hard. So let’s make our job alittle easier. What if we
consider just two ages at atimeto seeif they could possibly be two of the three numbersin our
triplet? If we find a pair that could not work together because of Chris' clue, then we can say the
triplet could not include those two ages together. That could further eliminate many possibilities.
Consider the table below to help this along.

Along the top and left column, | have written the ages that are |eft after the elimination from
page 1. | have crossed out all pairings along the diagonal since two cousins could not be the
same age because of Chris’ clue. The squares of the ages are written down the rightmost column
for easy reference.

| went down the column for “13” and crossed out all other ages that could not possibly bein a
triplet with 13 because of Chris’ clue. | then copied these marks along the row for 13. Do you see
why we can do this? Do the same for the other possible ages.

Of course, aternative logic can be used to eliminate pairs of numbers. For instance, can you
think of another reason that 14 and 16 cannot be two of the three ages?

13|14|16|17|18[ 19| 23| 24({25|27|28| 29
13[X| X[ X| X| [ X|X[X|X|X| [Xx]| 13=169
14| X | X 142=196
16| X X 162 = 256
17| X X 17+=289
18 X 182=324
191 X X 192 =361
23| X X 23?=1529
24| X X 242 =576
25X X 252=625
27| X X 272=729
28 X 282 =784
29| X X | 292=841




Here, | have completed this table below.

13|14]16(17| 18] 19| 23| 24|25|27|28| 29

13X | X[ X]| X XX XXX X | 132=169
14 X | X[ X| X X X[ X[ X| X X | 14°=196
16 XIXI XXX XX XXX 162 = 256
17| X| X| X[ X |X X X| X|X|X| 17=289
18 XIX|X| X[ X X| X| x| X| 182=324
19 X | X[ X XX X| X X | 19°=361
23| X | X|X|X|X]| | X[X[X]|X 23?=529
24| X | X | X XXX X|X|X 24° =576
25 XXX X[ X X[ X|XIX|X 252 =625
27| X[ X[ X[ X | X XX XXX 27°=1729
28 X| X X XX |X| 28°=784
29| X | X X| XX XX | 292=841

This does help usimmensely but we are still not done. Starting at the left side, we see the only
two numbers that could possibly work with 13 (again, considering Chris’ clue) are 18 and 28.
However, thistriplet would not work? Do you know why? (I can see two reasons, give one.)

In fact, the same istrue for the triplet 14, 18, and 28. What other possible triplets do you see
from the table? We will form a table and explore them one by one. This may seem difficult but if
we compare this chore with that of trying out 220 (or, egad! 1140) possibilities, we see we have
improved our situation greatly by the process of elimination.

So, next you will see an organized list of possible triplets derived from the table above. Do you

see how | made thelist?




Possibletriplet from abovetable

Reason it cannot wor k

13, 18, 28

sum is not a multiple of 10; and 187 and 28 share digits

14, 18, 28 187 and 287 share digits
16, 28, 29 sum is not amultiple of 10
17,19, 24 ~
18, 13, 145~ sumisnot amultipleof 10 { )~ —~
18,13, 24 7\ /\[Y‘\ sumisnotamultipleof 10  \_ _J}J—X
18, 14, 24 \ sum is not amultiple of 10 / Addjust the ones
19, 17, 23 Tz sssie sum is not amultiple of 10 digits of these
19, 17, 27 likea |sumisnot amuitipleof 10 Y e
DI A igicouslis,  Asnotamuipect 1o M more quickly. Why
pleof 10 ( . -
But we have \__ will that work”
narrowed our m is not amultiple of 10 \\{/&
23,19, 29 search to 44 / sumisnot amultiple of 10
23,28, 29 triplets.

24,17, 18 /| sumisnot amultiple of 10

24,17,29 \_ /\/

24, 18, 29 ~—\_ / sum is not amultiple of 10

25, 28, 29 sum is not amultiple of 10

27,19, 29 sum is not amultiple of 10

28,13, 14 sum isnot amultiple of 10

28,13, 16 sum is not amultiple of 10

28, 13,19

28,13, 23 sum is not amultiple of 10

28,13, 25 sum is not amultiple of 10

28,14, 16 sum is not amultiple of 10

28, 14, 19 sum is not a multiple of 10; and 14° and 19° share digits
28, 14, 23 sum is not amultiple of 10 ‘{pm
28, 14, 25 sum is not amultiple of 10 .

28, 16, 19 sumisnot amultipleof 10 IIMEEISEHE M
28, 16, 23 sumisnotamultipleof 10§ thanonereasonto
28, 16, 25 sumisnotamultipleof 10 (  €liminateatriplet.
28,19, 25 sumisnotamultipleof 10 ~—<__

28, 23, 25 sum is not amultiple of 10

29, 16, 23 sum is not amultiple of 10

29, 16, 24 sum is not amultiple of 10

29, 16, 25

29, 16, 26 sum is not amultiple of 10

29, 23, 24 sum is not amultiple of 10

29, 23, 25 sum is not amultiple of 10

29, 23, 26 sum is not amultiple of 10

29, 24, 25 sum is not amultiple of 10

29, 24, 27 sum is not amultiple of 10

29, 25, 27 sum is not amultiple of 10
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So, once we eliminate the vast majority of these 44 possibilities because we see they could not
possibly add to 70, we get a much shorter list. (Remember, we did not have to actually add the
numbers, just the ones digits.) We could go through these one by one, investigating each to seeif
the triplet has a sum of 70 and the digits 1-9 appear exactly oncein their squares. Do this now.

Possible Isthesum 70? | What arethe squares of each number? Do the digits 1-9
triplet from appear exactly once?
abovetable

17,19, 24

19, 23, 28

23,28, 29

24,17, 29

28,13, 19

29, 16, 25

| repeat this table from page 1 to make the above job easier.

Possible | Square of Age Possible Squareof Age

Age Age
11 121 21 441
12 144 22 484
13 169 23 529
14 196 24 576
15 225 25 625
16 256 26 676
17 289 27 729
18 324 28 784
19 361 29 841
20 400 30 900

So, what are the cousins’ ages?
Bobis
Phyllisis

Chrisis




