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Rational Functions with Vertical, Horizontal, and Oblique Asymptotes (section 5.5)

Definition: Rational Function: A rational function is a function that can be written in the form

r(x )—L)) where p(x) and g(x) are polynomial functions and ¢(x)#0 .

The domain of any rational function is all real numbers except the numbers that make the
“denominator zero or where g(x) =0.
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We will study vertical and horizontal/oblique asymptotes of these functions. Knowing where the

asymptotes Iie and Tiow fo find x and »- mtercepts will help us und understand their graphs.
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| Worksheet: Rational functions: Vertical Asymptotes:
This worksheet discusses finding vertical asymptotes by determining where the denominator is

zero. It also looks at the exception to the rule, where holes in the graph will occur.
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Vertical Asymptotes: Vertical asymptotes and domain are related. The domain is essentially all
real numbers except those that make the bottom zero. Often, these are al also where the vertical _
asymptotes lie. If the numerator and d denorrunator have a common factor, then.the resulting zero
is not a vertical asymptote, but rather a hole in the ggagh ThlS 1‘H—scussed on the preceding

Im worksheet. A .ﬁ w




; Put parentheses around the entlre top
: and the en’me boﬁom When graphmg
Drawing Graphs: Consider the rational function y = Z_’Zx_—i-i . Graph it in the standard window. )

Older calculators’ graphs will probably look like the left picture below. In “connect” mode, the
calculator plots vertical lines where there don’t belong. When you copy it, draw these asymptotes
as dashed lines and label them. Newer calculators may graph it correctly as the right picture
below (but without dashed lines). Draw arrows on all the ends.
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How are domain
: and vertical
- asymptotes related?
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; ? Find the domain andf détermme the vertlcal a‘syi"nptotes (or holes in the graph) for the
“Functions below. = : - :
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m Horizontal and Oblique Asymptotes (and Backbones):
" Horizontal and oblique asym mptotes are essentlaﬂy the end behavior of rational functions. They

fell us what is happening at the left and right ends of the graph.

We will see how the graph approaches a horizontal line.or a slanted (oblique) line at the left.and

“right ends On occasion, we will see a graph approach a curved (for instance, parabolic)

T

asymptote such as y=x"+4. {
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#=3/. o
on the left and right ends of the graph? /
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Worksheet: Rational functions: Horizontal and Oblique Asymptotes:

- This worksheet will show you the procedures and many examples for finding horizontal and
oblique asymptotes. This worksheet does not differentiate between oblique asymptotes and
backbones, as discussed below.

at does it look like the y values are approaehmU

Consider the previeus graph off .y =

‘1

Horizontal and Oblique Asymptotes (and Backbones):
The horizontal or oblique asymptotes depend on the degrees of the polynomials on top and
bottom that ma.ke up the rational function.

We will see three cases WL degree on top is equal to degree on bottom,

e R EETEEEEAA) degree on top is less than degree on bottom, and
@degree on top is greater than degree on bottom.
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2. If the degree on top is less than the degree on bottom, then y = 0 is the horlzontal | asymptote.
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/’\',[f the degree on top is greater than the degree on bottom, then there is #o horizontal
“asymptote. If the degree on top_l_s only one more than the degree on bottom, there is an_ obhgm
(or slanted lme) asymptote. If the degree on top is two or more than the degree on bottom you
can ﬁnd the asymptote (called a backb%rgg though it is not technically oblique (as it is not a

'llne) We find these asymptotes by dividing the top by the bottom using polynomial long

d1v151_or1_
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1(-\) 1 [Polynomial long division will be cozg;e,ddatep;i;n;t_hi_s_.ﬁ_&cftign.]

\ e




/—"""' S
Mnote about graphs and asympt\ﬁss\Vertﬂa_sl@ptotes occur where the function is

ﬁndeﬁaed—Se—the—gTapﬁmss a vertical asymptote. Horizontal or oblique asymptotes A
(or"Eaekbones) are simply what the graph approaches at the ends of the graph. A crraph can cross:
t‘hroucrh a horlzontal or obhque asymptote but it does not have to._

-%’ ) All asymptotes are not part of the function so should be drawn as dashed lines.
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/ expl 2 _Find the horizontal or oblique asymptote for the functlons below. Be sure to write it in
. How do you know if the as ymptote is hculzoatal or oblique?
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Graph the funcnon on the

; wmdow [-1000, 1000] x [-1,1] - ﬁ(
“to eheck Trace to the ends of

the graph J.f you need
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expl 3-8ince the degree on top is greater than the degree on bottom by one, we know the
following function has an oblique asymptote. Find it. .
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* on the next page.
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~ Polynomial Long Division: We can divide a polynomial P(x) by another polynomial d(x) to
€D muouent O(x) and remainder R(x). We could say that P(x) = d(x)-O(x)+ R(x).
C()‘. e

’Hns is exacﬂy hke when we
d1v1de plain old- numbers D1v1de S
73 by 5, and w Mggt a quotient o of = 0
14 w1th a remalnder of 3.

L2 v‘_t-z:\ e “Mwwmmmw

A We could wrlte
-~ﬁ.73 5:14+3.

Recall how we divide plain old numbers by long division. In fact, do the long division below to

recall the steps. { 4 L iu_,@%’) M
5)73 °® B
e
2.5
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5 & yempadnder

Polynomlal long
. division'mimics -
““the steps here.

dividend: top -
divisor: bottom

k‘f;lz}{D

Now we will do the long division to find the quotient of- I show the steps of the

e Caia)

division problem above so that you can see how polynormal Tong division is analogous to it.



Polynomial Long Division: 2
AN

Step 1: Write it with a division symbol. Look only at the leading terms of the divisor and the
dividend (double underlined below) Ask yourself, what times the “x” would make “xz”‘? This is
similar to asking “how many times does 5 go into 7” in the division problem below on the right.
x+3 )i +4x-1 SW
Step 2: You answer “x”. So you write that on top of the division symbol, preferably above the
“e Tarm,
b g 1
x+3)x% +4x-1 5)73
Step 3: You multiply x by the divisor “x +3” and write that below the dividend. You then
subtract that from the dividend’s “x* + 4x”.
x 1 ~ Notice that is
J__C+3i x? +4x-1 5) 73 o i exactlywhatwe el \L./'
_( 2 -5 00O d1dhere
x* 43x pan™ |
1x 4
Step 4: You drop the next term down from the dividend, the “~1”. Looking at the double
underlined terms, ask yourself what times the “x” makes “1x™?
x 1
x+3) x2+4x-1 5) 73 &
- " L5, We drop this
- (x + 3x) = -
k. e . 3 and repeat
1=x -] 23 : .
v



Step 5: You answer “positive 17 so you write “+ 17 in the quotient space.

)
\ * 41 14
£+3i x> +4x—1 5) 73
- !x2 +3x) =
1x -1 23
Step 6: You multiply just the 1 by the divisor “x + 3” and write that below the “1x — 1”. You then
subtract like in step 3.
x+1 14
§+3) x* +4x-1 5) 73 .
- (_2 ) 3 i You are done i
—x* +3x -2 e
; because 3:1s less :
1 _1 23 ::; -.‘_A\ Foh
- - . than 5 b
—(1x+3) e RS
- 3
-4
(’\ Step 7: You are done when the degree of the remainder (which is the bottom line) is less than the

degree of your divisor. The analog to this in the problem on the right is that you stop when that
number is less than your divisor.

Return to expl 3: For our purposes in this section, the oblique asymptote we are after is the
) 2

quotient. Write the oblique asymptote of y = x_%—j_x?)_l . Then grap@@l{the original function
X+t

and its asymptote. The standard WlndOW should be fine.

o y=xH

e

e S

— e sz

/A\ mn not including that procedure here.



expl 4: Find the oblique asymptotes (or backbone for part ¢) for the functions below. P
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Graph Rational Functions:

ind the real ZR10S ¢ Of the denominator Use this to determine the _domain and possible

S peCaAE

\umd the horlzontal or obhque asymptote (or backbone) Sketch it with a dashed line.
g ind the x- and L 3= mtercepts if they exist.

5) Consider the function here. Find the following and then identify the correct graph.
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a.) Find the domain. " Ll@wx ULQ m
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(P\ @ ind the vertical asymptotes and/or holes in the graph.
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¢.)YFind the horizontal or oblique asymptote. {We did this in example 4.)

md the x- and y-intercepts, if they exist. wi J 3 =
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expl 5 continued:
e.) Which of the following is the graph of this function?
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expl 6: To the right is the graph of a rational function. Answer
the following questions.

What is the domain of the functlon? o
{K X O | g

b.) What is the range of the function?

g g Oj? ‘Be careful 5

@What are the (x and y) intercepts? 0O\ ; “herel

lone.

@What is the horizontal asymptote, if it exists?

Answer mn set Zs
buﬂder notaﬁon
{x lx = ‘7}

e
@N}nat is the vertical asymptote?
X= |

f.) What is the oblique asymptote, if it exists?

None .

10




o ( expl 7: Consider the rational function below.

al)= e -2 —8
’2r+x 6

- - and bottom.

e ®) 7
Qo
a.) Find the vertical asymptote(s) of the function. Also, indicate where any holes in the graph
would be.
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(2x- B)42) M

(’“\ @What is the horizontal asymptote, if it exists?

.’-"“:_;‘—B_,
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-@))\\Vhat is the oblique asymptote, if it exists?
Nlone. .
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