We need a solid, mathematically defined concept for
limit. We may see an even more rigorous definition later.
Calculus I

Class notes s © O
Definitions of Limits (section 2. 21(

A later section (which we may cover w111 add rigor to this concept. For now, this will do. We
will define the hmlt of a function at a certain value of x (independent variable).

e

Definition: Limit of a Function:
Suppose a functlon fi is deﬁned for all values of x near x =a except p0551b1y at a.

- That sounds a little crazy but
what we want to picture is a

function like this one here. g
Notice it is defined (shown. Qo

by the pomts of the graph) for
all values except x = 3. So,
~ think of a as any input,
== even 3.

Figure 2.7
If (x) is arbitrarily close to L (meamng as close to L as we would like) for all x sufficiently
close (but not equal) to a We wnte lim f (x) L.

{ x—a

Pronounced “the limit, as x
= approaches a, of - (x)

This will make more sense as you practice.

' expl 1: Consider the graph given above. Find the following.

a)f(l) and hmf(x) )
=1 W* 6 = &
b.) f(2) and hmf(x) :
0 QO £ Foralimit to exist, the
F2)=5 i/ AM '1 i) = 3  function should approach a _
- : smgle f(x) value from both
c.)f(3) and hm f (x) the left and nggt sides. We

= foi'mahze t}:us later
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( epr 2 Calculate the following values for {j’“ (x)="= and use it to conj jecture about the Value /)_' '
of hm x),
L 2 A )l O A httle algebra w111 :
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W@@Mﬁ what does the table indicate f(x) is approac}nmg‘? We will
write this as hm f (x) Practlce the notation here. / 1____)_, u_a_;r l L L Jieat d’ B

| €2..0{ l
4*% [lav '/‘ “ ’:—‘-.i«f;'i =5

Do you see the itty =
bitty “negative sign”
to the right of the 2?

X ( 201 7 2001 2.0001 y X-?Z_
&S 1| Lol Lfoon L}, 000! <

As x approaches 2 ﬁ'om the r1ght what does the table mchcate f (x) is approachmg‘? We will

k x—>2

-~ Do you see the 1tty
_ b1tty ‘posmve Signz
to ﬂ:_i,ern_ght of the 2? : |

¥ appr“oaches 2 is that same n number Practice the notation by wntmg that now
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Let’s fill in some details with formal definitions.
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i _
. One-sided lelts
Deﬁmtlon R1ght-s1ded Limit:
Suppose annCtIOIl [ is defined for all values of x near x =a with x>a. If f (x) is
arb1trar11y cIose to L forall x sufﬁmenﬂy close to ‘a with x> a, we write hm o)=L
-_— - - ’O [e]

Pronounced “the limit, as x 7 approaches-
a from the right, of f(x) is L”

, Definition: Left-sided Limit:

~Suppose a function J is defined for all values of x near x =a with x<a. If f(x) is
arbitrarily close to L for all x sufficiently close to a with x < a, we write lim f(x)=L.

x—a-

OO

Pronounced “the hmlt, as x approaches
g from the left, of f(x) is L”

As you might have guessed from the last example, we can deduce the limit of f'(x) as x
approaches a 1f we know both of these one-sided lumts Here’s a theorem.

Theorem 2.1: Relationship between one-sided and two-sided limits:
Suppose a function f is defined for all values of x near x = a except possibly at a. Then

;‘\‘AUI
,"‘V ,hmf(x) L zfand only:} lim f(x)=L and lim f(x)=L,
e 2 — x—>a '\ - X—ra '!;

know qls also true. 'I_“hf phrase e 2
lf and anl_‘y gf 4"’ means both
}L&_ttlgt_ll_q_ and at the same tmle

that D and q are the same statement

S0, to find a limit such as lin} f(x), we must find both ]11121 f(x) and hrél_ f(x). Ifthey agree,

then the limit “as x approaches 2" exists and is this common number.



] -"'éxpl 3: Find the following using the graph to the
/.-" right.

/ LR = * r=fw |
|

b) lim /() = H

¢) lim /() = |

\d-)limf(x) - DNE 5 TS

Graphs and tablescan be deceiving or hard to interpret. Be you careful!
e

( B @reate a table of values for y = tan( % ) as started below. Describe the pattern. What

happens to y = tan(%) as x approaches 0? In other words, what is 1in% tan(%) ?

o
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* | y=m(Y) °0 7 02 ltuloter
| Q/ 3T = CZ/; )15&

N, uba?

v \

ol tie—=L

~ Use the Table function
~ on the calculator. Set

ﬁ/ Indpt to Ask. _Lf .
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What the heck is going on here? It does not look as though the function is approaching any one
value as x approaches 0?!? Does graphing the function help?

Try the Standard window. Then Zoom In more and more. Does that help?
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Eek' It turns out that this limit does not e@s hard to see that from the graph. We will need i
other analytical methods to dempher some limits. More on that later. ‘
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