‘one where the exponents on the x’s are all whole numbers. )

We have explored limits graphically. Now we
see how to find them algebraically (analytically).

Calculus I
Class notes
Techniques for Computing Limits (section 2.3)

0®

As we have seen, sometimes the graph of a function cannot be used to find a limit. What’s more,

a graphical answer is not as concrete an answer as the algebraic one. We will be expected to find
limits using algebraic means. Several rules W1II help us along.

Recall Definition: Contmuous functlon A function is continuous at a certain x-value if it can

he traced from the left of the value to the right of the value without hftmg the pencil.

We will explore various types of functions in calculus to find their limits, derivatives, and

integrals. We will start with some that you are familiar with, polynomial functions.
Limits for Polynomial Functions (Linear, Quadratic, Cubic, etc.):

Let f(x) be any polynomial function like the linear f(x) =mx + b or the quadratic
fx)= F(x) = ax + bx + c. (Here, we assume real number coefficients. RecalI a polynomlal function is

i : UJ[\D(" UH‘ s .“ [E|O}c’j (:
Draw a few examples of polynomial functions here. ( 3
” ! ,’.‘/k‘
(L ﬁ Wi
e | o

Notice how they are continuous across the1r entire domains. We have the fo]lowmg truth.

= T B—— -
For any polynon:ual functlon f (x), we know that l1m f (x) I (a) for any x—value x=a. / Q}zl\\\

expl 1: Find Ijn}(xz+5). | ;("".v‘, ) = X 2
y u b 7] Y o » ;
e (¥%45) =3%5 A

o - /L \\. f )
m | \ | .\ o™
r

~ This is called
direct substitution _
and is used often.
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Limits for Rational Functions (Fraction w1th Polynomials on Top and Bottom): 4

Let P (Jy(x) bea ratlonal functlon (Here p(x) and q(x) are. known to be polynomlals )
et | Al S B
Recall, this rational function is deﬁned for all Values of x except when When q(x) 1s ZET0.

— S

Recall the shape of arational funct10n and )

draw one here. Give it a vertical asymptote
‘at x=-3 and a hole at x = 2. (There are
e

many correct graphs.) .

Can you come up with a likely formula?

‘ :
[ ( X- 2) | \
3 - N\ g
. kw@xz :
l As we see, there may be points of discontinuity on a rational function’s graph. We have this
\ () (a) e
| truth. We k_now that hrn(p A (x)) P e ) except where q(a) is zero.
| ,_____..4 . {,l x—da % E
i '. = = =
;l L —— e = OC  There's direct

— substitution again.

We will be working with limits a lot as we travel through calculus
and beyond. So, we need a whole slew of rules that hopefully make good sense. Here are a few.

Limit Rules:
=L

Assume hm f(x) and hm g(x) ;ust for two ﬁmctlons f and g Let ¢ be a real number and 7

%0

be a posmve mteger .
~ We could write

CER neZ*'

———

Sum/Difference: lim( f(x)*g(x))=1lim f(x) £limg(x)

Constant Multiple: lim(c - £(x)) = ¢-lim f(x) il
X‘}ﬂ( ) x—=a . % "‘{[-

Product: liilg(f(x) -g(x)) = lim f(x) - lim g(x)

x=a

lim f(x) _
1 P f(x) — x1—a 1 1 = : =0
Quotient: hm( A (x)) = y_}a e provided £1_1)13 g(x)=#0 e

~If n=3, cuberoot.
=t n=4 fourth root. -

Power: Lim(/(x))" = (EE} f(x))n

|

e . 2 s i
.- o oo ok o

[ Ml ot B
X \] & ( U s ,lm [\() ‘&Af ,) {ub&

: o : Yora -

[ Root: ]Jm( f (x))% :(hm f (x))/ provided f(x) >0 for x near a, if n iseven. W _\p(yy ;—;

N



e e

the square root of x or x/ \/_ When we explore its graph to, say, find/ hm( ) =h1r01x/; 3

What happen_s9 (Do not try to use the rule yet. Just graph.)

Can you draw the graph of y= \/_ from

memory? What 18 5 s this limit? Do you recall Y - \J X
how we said we find limits in the previous : )
section? ' K .
/Q,m,a. v\ X Q].J"l@ | /O - d} oS 1
or 0 K:U/;M W Ve \ /é —_— ot
- [ U\ 1> _)Jﬂ- A

Let 2@_ to use the rule now, which says that‘ ljix)rol(x)’l/2 = (lxl_l)lg(x)\{ prov1ded f ( > (' for x

W X < | )4()!)7%-

' Smce f (x) x 1s s not posmve to the left of 0, the rule does not apply for this example since n is

near 0, since n=2 is even. (Our value of a is 0. ) But wait!

Draw the graph of
y=x_

We see this issue does not arise when » is odd Consider again the same f (x) x. If we take

———— e e e e

n= 3 we are dealzng W1th the cube root of x oﬁ / -\/_

When we explore its graph to find f T
lim (x)% =lim 3fx , what happens? Draw this 7 e d e

graph from memory. What is the value of this / o
limit? ) i

l\\\

Notlce that smce n= 3 is not even, we do not néed to adhere to the criteria that f(x) > 0 for x

n‘.&'

near a = 0. And, mdeed we can find this limit from the graphof y = x/ \/; or il the rule as |

(]HIUI (x)) . Use the rule now to verify this limit. Xt
x—

o -~ [), \Sj-_ B f) o ) ‘ ’ |
Ah, math! ) L, K = ({_'ﬂf,{,-- m }’ . L

X / ez ) Y L
SN r =

(Vi ]
>
—~
-
et I
<
[ b
1
4
W
i
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[
%
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@nd the following limits and state the rule(s) used. Show the steps explicitly. Assume
at (for some unknown functlongj llm it (md hm g(x)=8.

ﬁ

{)Fmd lim(5/()) - g ,@W\O{%

X |

Corsait pbigle. ruk

\)Fmd tim(f() - £09) . ﬁum £60 — ﬂ/u{» 3%)

¢) Find ];iil}(g(x))A

?W'M?mf ?w( es

Using the Polynomial and Rational Rules:

expl 3: Find the following limits.

a) im(2%* +4x°-7) = o 524; & 33_ ?




When Direct Substitution Fails:

| )i 00

Notice when we try direct substitution in the next examples, we get an undefined answer. That
will not do! In a later section, we will have yet another method to deal with this in more general

problems. However sometimes problems are written in such a way so that we can use a little

’algebra to get out of that pickle.

expl 4: Find the following limit.

=23 o /0 L

x—3 xX— 3 y e ::

Do
X7
= 3+ =4)

x*—2x-3
4
Draw it on your OWn Or use thc calculator
(Don’t forget its hole.) From the graph, does
the hmlt you got above make sense'?

Let’s look at the graph of f (x) =

expl 5: Find the following limit. @OO

x—1

lim ]
.r—n;\/;_l '

p‘)v\; At e ,/ . tp_s_;j_ji‘:i___g}_ﬂ_
\/-_‘7’:"’ '/ {j(\rﬁ : m (- L ,J

fﬂ ~ ]
(A Cv/ U* VX 4 u) e

Here’s another to putin youf"

 bag of tricks. Rewrite the /|

top and bottom by Jx+1

function by multiplying both =

Whip out fac’tdn'ng

from yo-ur—Eagﬁ'
-~ tricks to rewrite the
function.




One-sided Limits: e
All of the rules we have had so far, (except for the one for roots) do work for one-sided limits too.
So, if you are asked abou’f lim f (x) or 11m f (x) know that the rules still work. However we
will amend the Roots Rule. L (1=
/ —_
,’; One-sided Limit for Roots:
/
Assume neZ' again. Also, these statements about f (x) only apply if we are - dealing with even
roots, where n is an even number If »n is odd, we do not need to venfy that f (x) 1s non- .
*nega‘uve o pee—————
a.) Right-sided Limit for Roots:
lim ( ¥ (x)) s =(11m f (x)) provided f(x) = 0 for x near afor x >a,if n is even.
x—a x»a’ y .
b.) Left-sided Limit for Roots: ... ' = '
y y What changed? Now, f(x) is
Ii_}m_ (fx)"= (}g}}_ f (x)) provided f(x) = 0 allowed to be 0 as well. Also,
we added that this only matters
for x near a fo;(ga if n iseven. _on the side of @ where the
i | limit is being found.
Give yourselfa qulck drawmg of y= \[_ ~and you 'll see that the
right-sided limit exists but the lefi-sided one does not. This i is, once again, not an issue for
y= 3/x which uses an odd value for n. Grace the page with that graph too please.
J | ol
[ N, § 1 W/ E_:‘}'
| —/fﬂ,_,.-—-‘ f’ X S {,! - \\j‘! }r{




Exponential Functions (No Rules Yet!):

Consider the graph of y=2". Give yourself
a quick drawing here.

What if we wanted the slope of the tangent
line to this curve at x =07

Plot and label two points on your curve, (0, 1) and a generic (ic‘ 2%) further to the right. Find the

| I N&

slope of the secant line. (We only need a formula, not some number.) N |
B ' ‘ j B
\/ | N h/
o _u y X \ > | /
L\f-/[/) r T’,“) ';} - ""'r‘ f f" J £ { / '; ) ; ; ",r
- L e 2 ; , /
§ \r_/_ﬂ -~ .' {l‘i . ({ej_r—) o - —— m— s i r % P [" '_,- / ;
VAo X 2=KI X al P ¥ L

Again, as before, we imagine this second point getting closer and closer to the point (0, 1). As
this point moves to the left, the secant line comes closer and closer to co1nc1d1ng with the tangent
hne at (0, 1). We use limits to describe this.

x

. T | .
We say that the slope of this tangent line is, in fact, lm'é - .iCan you find it with direct

[ 4 x -
substitution? We have no rules that apply here. What’s a student to do?

Let’s use good old plug and chug with a helpful little table. Consider the completed tables here.

x -1 -0.1 -0.01 -0.001 -0.000 1 | -0.00001
pE_1 0.5 0.66967 | 0.69075 | 0.69291 | 0.69312 | 0.69314)

- The top table explores the left-sided limit and the

g bottomi table explores thc right-sided limit. What are '
_ both approaching? Round to three decimal places.

°®

5 1 0.1 0.01 0.001 0.000 1 0.000 01
2% _3 1.0 0.71773 0.69556 0.69339 0.69317 0.69315

( What would you say the slope of the tangent line at (0, 1) is? Write it in limit notation.

|f) ' 'J X A | - . “ Aﬁ 0{)( (0' iﬂ

2 | i — ] ~ P £ LN { r N
!‘:" . AN A f ) [P S | " | N
P e T 0,6 ? Qo === K 0.0

u Y ‘n ;l.'!

P
v’]fié.
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The Squeeze Theorem:

This one will come in handy in a few places. I AT 1 Wl
Take a look at this picture. ) = 80 = hx) |

¥ = kix)

Two functions f(x).and A(x) have the same
Timitas x approaches a. .

¥ = gtx)

—— sa—

It so happens that the function g(x) is in

“between these two other functions in the area
i around X =a. ~ -
B O

What can be said about the limit of g(x) ?
- I Squecze Theorem:
as x approaches a? Read below.. Asx=a, h()~»Land fix)~> 1L

’Iheret‘ere g*h) -*L

Ny =fl

¢
x

-
=

, g Figure 2.19
Assume functions f, g, and & satisfy f(x)< g(x)<h(x) for all values of x near a, except

\& | possibly at a.
~ If lim f(x)=L and also limA(x)=L,

then we know that limg(x) =L .

, That' last bit leaves open the
possibility that some function
7 is not definedat x=a.

-

i
Trigonometric Limits: .H,_____,'[__.L

~2X /
expl 6: Find the following crazy looking limit. \,f

gt
1‘ b ‘:I:L'- { {”fw,‘"k ‘kfip
) R
[ )"\) =P (kL\Q)

(\f[) = ( Y & g,«\ﬂﬁ@

Do you recall the graph of y =sin(@) ‘?
Would you agree that —1 < sm(@) <1

andhence —1<sm(/)<1 for x;&O?

-

This last inequality _Iie_eds only to be
- multiplied by x* to see that

f) ) —x? <x*sin (%) <x* for x#0.

oy
40
\0(\/)/ Q[Y)/[/IC‘/)) A ’éi‘a%)

_D,;\c-\p\ \] )w b\—Q@ M \'I’W

/PM 30@ o oo, /

Do you see how the Squeeze
Theorem can be apphed'? Do

you recall the graphs of =
= x2 andy—-xzv -

)"?’3

/@w XZsw(%) %0 Q
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Some Common Trig Limits:

This Squeeze Theorem can be used to prove a couple of important limits we include here. We
will then use these facts, along with the limit rules given earlier and other tidbits from our vast
memory, to find other limits.

Limits of Sme and Cosine: ° 0 O - =
- ‘ ~ icture the graphs of sine
}rl-% (sinx)=0 Eral(cos x)=1 and cosine and you’ll see
“why these must be true.

expl 7: Find the following limit.

m(sian) ~ ’14{_!

; A _
x=0 §ihx 7‘\’,{ b,
[\: » / ‘\
— Xw | L CoIX)
| Y =() 000 Trig identity:
L , sin2@ = 2sinfcos @
L 1L’ . \ f = —
\ {»‘-- P ) [ \/ )
a5 = 20 e
VO N~ S )
| £ [\J y L

Handout: Trig Cheat Sheet:
This comes from Paul Dawkins (my internet hero) and is quite nice to keep close by as it has all

those bits you may have forgotten from Trig.

Handout: Limits:
Again from Paul Dawkins, but this time he has listed all those rules we will need for limits.

Some of this sheet will come up later.

Worksheet: Have you reached your limit?:
This is a practice sheet I made up.






