What do y-values approach as x
approaches infinity? In other words, what is
happening at the ends of the graph?

Calculus I S
Class notes o O
Limits at Infinity (section 2.5)

In the last section, we explored limits such as ling 1x2 and noticed that the answers could be
x—

infinity or its negative. Interesting. As x approached some finite number, the y-values
approached infinity or its negative. Let’s switch the question around a b1t and ask, “What

happens to the y- values as x approaches infinity?”

We have actually answered this question before in algebra class. You have studied the end
behavior of polynomial functions and horizontal or oblique asymptotes of rational funct1ons So,
‘we will play with those kinds of functions but also explore this question with regard to
trigonometric or transcendental functions.

Definition: Transcendental funcﬁon: A function that cannot be written as a finite combination

of addition, subtraction, mulAtiplication, division, raising to a power, or roots. Examples include

y=e", y=log, x,or trig functions.

We will exploré these at the end of
the Notes. First, let’s deal with
some more familiar functions.

A fun application of the

question we answer here might
be to figure out if a population or
oscilléimg structure reaches a steady state as time progresses.

Start on the Standard
Wmdow but you’ll want

expl 1: Usea graph to determine | lim2x~® and lim 2x7
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to change your window
to something like
[-10,10] x [0, 0.001].

Recall this functlon can

also be wntten as y= 2x

Do you remember the 7
honzontal asymqutes of

~ rational functlons'?
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Definition: Lmuts at Inﬁnity and Horizontal Asymptotes:

then we write, hm f (x)=1L.The lme y=Lisa homontal asymptote of f(x).

e

The same thmg goes fmi lim f(x)=M where we would say f(x) becomes arbitrarily close to a

finite nurnber M forall negatzve x-values that are “sufﬁcmntly large in magmtude

—— )_7_“_,_‘_____,____;.-"

We use M here to indicate that the two limits
are not necessarily the same number (but will
be in the case of rational functions).

1 Here is an example of a function where the
| two limits are different.

. —

We will use the uleswe
were given in an earlier
section. Go term—by—term
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Algebralcaﬁy (Analytically) Finding Limits

g«-—x

When thmkmg about y }/

we 1magme i ettmg blgger =
= andblgger Describe what is
= happﬂ_‘_g to the valges

expl 2: Find the following limit.
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Give yourself a quick graph of y = cos(6).
Use a limit rule to rewrite this as the
_gpotlent of limits. For the bottom, what
would 62 approach as @ approached o?

Trig Limits:

expl 3: Find the following limit.

OO

. cosf ,
lim , :
e RS If the top of a fraction is
/QJ./WV Co J O : somewhere between -1 and 1 but
= éf‘?ﬁ'nﬁ :‘ the bottom approaches oo, what ~.
o oo - does the fraction approach?
s/',ﬁ‘_l - o

For an added bonus of “Wha?”, try graphing the function y= coix
X

Se—

Window and then on the window [-50, 50] x [-0.01, 0.0l].iﬁéis_ﬁ}e"yéﬁ are in Radian MODE.
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Is the universe
playing tricks on us?
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Infinite Limits at Infinity:
“Wha?? -

What functions have you seen that satlsfy fx approaches pos1t1ve or negatlve infinity as x
“does the same? '

~ Again, théé:e I;fmits-
~do not exist but this
is a handy notation. °

Do you recall the four types of end behavmr for

pOlynomlal fugpno_nsf) —




|_ek ﬁCx)réxM"?x'% Ux = bx* + 13
TGy s leadimgterm
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Recall: "End Behavior of Polynomial unctlons

0

s Yhe muﬂ e
an xJi*p (m

“The end behavior (how the y-values behave at the ends of the graph) of polynomial nctions is
solely determined by the leading term (term with the highest exponent). The leading coefficient

is the coefficient of this term. The degree is this highest exponent.

Below is the Leading Term Test used to determine the end behavior of any polynomial
function. If you need more review, ask me and I will direct you to my Algebra Worksheet
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Here, we write this knowledge in terms of limits at infinity.
o
THEOREM 2.6 Limits at Infinity of Powers and Polynomials
Letn be a posiuve integer and let pbe ihe polynomial { e y

plx) = ax" + a,_ "4 oo+ ap® + ax + ay whereq, # 0. Y\’

1. lim x" = oo whenniseven.

i——}‘#“"&
2. lim x" = wand lim x" = — whennisodd.
tﬂwwi'w i%
1
3. lim = lim x"=0
x>t X x—»tw
4. Izm p (x) = hm a, x" = T o, depending on the degree of the polyno-

xmai and the sign 0f the leading coefficient a,,.

= Recall the way a polynomlal is
= wnttem The term a,,x" is the Ieadmg
term where a,, is the leadmg




Only the leading

expl 4: Find the following limits.

\ P, terms need be
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lelts at Infinity for Ratlonal Functions:

After some practice, you will be able to do some of these intuitively. Remembering the rules for
horizontal and obhque asymptotes for rational functions will certainly help. it

/A good technique is to divide a/l of the terms in the rational function by x* where n_isthe “
/ { degree of the denominator. You then deal with the limit term-by-term. Let’s try that before we | <5/

explore the rules.

expl 5a: Find the following limit. m =
- o O {
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The following information is based on what we learned about rational functions back in algebra.
Recall, the horizontal or oblique asymptotes of these functions depended on the degrees of the

e s —

top and bottom.

i

THEOREM 2.7 End Behavior and Asymptotes of Rational Functions

x x ks
Suppose f(x) = {;é—t%xs a rational function, where . V] =

ﬂﬂn@x+aqﬂ‘+ +%£+qx+%

witha, # Oand b, # 0,

a. Degree of numerator less than degree of denominator If m < n, then
lim f(x) = 0, and y = 0 is a horizontal asymptote of f.
X Tm ;
b. Degree of numerator equals degree of denominator If m = »n, then
hm f x) = a, /by, and y = a,,/b, is a horizontal asymptote of f.

c. Degrm of numerator greater than degree of denominator If m > n, then
hm f(x) = o or —=, and f has no horizontal asymptote.

\——? x

d. Slant asymptote If m = n + 1, then hm f(x) = = or —o, and f has no
x-au)
horizontal asymptote, but f has a slant dsympiote

mon factors), vertical asymptotes occur at the zeros of 4.

. Vertical asymptotes Assumiing f is in reduced form (p and ¢ share no ec%j
~O

The book uses “slant” mstead of
obhque They also add a bonus

expl 5b: Redo the limit here by
using this theorem.

- 2' D) \F E’ £ N _ about verncal asymptotes but it has
htrf% @ e = nothmg to do w1th these hmlts
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The technique we developed in example 5a was not a complete waste of time. Consider these
examples.

Thls is not a ratlonal functlon Do
~ you know why? D1v1de aIl terms

by \/— x to get started here

expl 6: Find the following limit,

Q@)=

i 40x* + x* +5x.
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= .-'_Here weshould not dmde all b;z
= \/x_ o If x—> oo(wlnchwe

= assume:),?!:ra is #gatlve whﬂe -\/_ 15
posmve _oﬁxthls d1v1de topby x3 =

expl 7: Find the following limit.
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A Word About Example 7:
This 1ssue only arose because the limit assumed x was negative. We w would not do anything

speclal 1f the limit w. ividing by \/_ x on top and bottom would be fine as

they are indeed equal When- X 1s¥)051t1ve

I will leave it to you to find the limit as x — 0. You will see that you get a different answer.
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Interesting, this function has a different horizontal asymptote on the left as it has on the right.

Again, this is not a rational function as the bottom 1s 7ot a polynomlaI H"T

Vertlcal Asymptotes s
You might be asked to find the vertical asymptotes of a rational functmn Let’s do a quick
example to jog your memory.

expl 8: Fmd the vertical asymptotes (VA) and holes if they exist for this rational function.

fx )—ﬂi&iﬁ/ \/U)‘e 0c,wrf::

‘—;

AR \
[ holer X =2/ /

ol
o

AT ‘U\‘



-~

Transcendental Functions:

The exponential functions and their inverses, the logarithmic functions, are transcendental. The
trig functions we have been playing with are also. Can you draw these from memory?

x

y=e - y=e

—X

Fill in these limits as you see them from your fine graphs.

I].m exz'O ]]‘m e—x= { 55) |1I0|+ll[1x— — Cx)
r—>—w X—>— - x—

lime*= <0 lime™= () limlnx= o0

X—> o0 x> X—> w0

expl 9: Find the following limits.

a.)}i_g(l}{]nx) - L&;*«;}{ "%ﬁ: (,OA*LX)

1]

S

~N
Y

>
f:ulﬂ 2,3 rule
(M
b) lim(1-Inx) = p | "",Q,lm /,szx) b " --\__\\
e Y7ot x+oT. , 3 :
= l - = b f\

M
|
v




§ v
The oukput b Vhe
Square rost fc . s
W Non-negative ( ~P09H—Ne
\Ws 0]::24(3% X | o %Q"e},

. Ref VX = Yhe yg,oy\—»n;eﬂaﬂfe,_j__. UM
@)V\\““\?“Q gc{@ ' ' i SqauAre Yo %Uf‘ X

_.Mﬂ__ﬂ*.»-»/ AN\ y = T
Tk %> O\WW q=15,

o e
f—{» C e ~§@s-w S@iﬂﬁ €qng

(o conumee Yom o= il / Lo N

UX>#x But V> =l

et x=-3

hon &.1)‘("3) =0

J\q 15 wt -3 o
-3 wltid is Del,




