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Can you trace a function’s
graph from the far left to the far
right without lifting the pencil?

) Calculus I
Class notes o O
Continuity (section 2.6)

The nformal definition of a continuous function appears above. You might have seen that in
algebra class. Consider these pictures here to better understand it. We will then move on to a
more rigorous definition that uses limits.
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~{\ ;-"‘r Definition: Continuity at a Point: A function is said to be E%ﬁfpgl{s_at x=a if and only if
- lim f(x) = f(a). '
| e .
| More specifically, this means three things.
| 1.)f(a) is defined. This means that a is in the domain of /.

Do you recall how we use
right and left-sided limits
to find a limit?

2) h'_{n f(x) exists °0 0

) M@= /@

Hence, if [ is continuous at a, then we can use direct substitution to find this limit.

~expl la: Approximate : ]f]i’]fl J(t) forthe continuous graph of L = f () shown on the left above.
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expl 1b: Try to find lime(#) for the non-continuous graph of y = c(f) shown on the right above.
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Just try, I dare ya! ~
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Definition: Point of discontinuity: An x-value where the graph of the function is not

continuous. You could not trace the function without lifting your pencil at this x-value.
p— e ——————— ]
expl 2: Find the points of discontinuity in the
interval (0, 5). For each point of discontinuity, state
which of the three criteria from page 1 is nof met. _
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Classification of Points of Discontinuity:
We further break down points of discontinuity into three types.

Definition: Removable e discontinuity: This is a point of discontinuity where you could remove

the dlscontmmty by redeﬁnmg a functlon value. This would be true for x = 1 and x =3 above.
slyiascisa o

Definltmn Jump dlscontmulty ThlS 1sa pomt of dlscont1nu1ty where the graph jumps "toa

XF2

Definition: Infinite discontinuity: This is a point of discontinuity x=a because[lim f(x) is
x—a

equal to infinity or its negative (and is said to not exist). Picture the graph of y = %2 and its

pdint of discontinuity x= 0.

S,

)



Algebraic Analysis of Continuity:

We will check the three criteria given on page 1 one at a time.

expl 3: Determine if the function is continuous at a.
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? If f and g are continuous at a, then the followir ing funcnons are also contmuous at a.

Continuity Rules:
These can be handy when explonng fllIlCthIlS related to ones you already know.

-

THEGREM 2.8 Continuity Rules nNe Z

“Assume c isa constant. and 7 > 0is an integer.
a f+g b. f -
c. cf d. fg
e. f/g, provided g(a) # 0 £ (f(x))"

These can be proven =
- usmg hxmt 1aws =

The above rules can be used to show that the following are true.

THEOREM 2.9 Polynomial and Rational Functions

a. A polynomial function is continuous forall x.

b. A rational function (a function of the form L;“ where p and g are polynomials)

is continuous for all x for which g(x) # 0. (©)

—— —

Find the points of discontinuity
, = _ of a rational function by
Do you recall the definition of a composite = sbivi_ng “bottom = 07,

function? We have some important rules here.

THEOREM 2.10_ Continuity of Composite Functions at a Point
If g is continuous at a and f is continuous at g(a), then the composite _function
f 2 g is continuous at 4.

Pronounced “i
g of x” '

THEOREM 2.11 Limits of Composite Functions M

1. If g is continuous at ¢ and d fis continuous at  g{a), then
S N e d

lun f{g(x)) ff( lim g(r} \Q C ﬁ (&))

2. If lim g(x) L and f is continuous at L, then
[£*a

fim f(g(“t'))“ (hm g(x) ) m(i )

I will add to what the book has here by noting that statement 1 implies /lim f(g(x))= f(g(a)).

Likewise, statement 2 implies lim f(g(x))= f(L) given its definition of L.

x-2

3
These theorems can be used to find limits such as hm[ s ] . Do you see the composite
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Definition: Continuity on an Interval’s Endpoint (Right-continuous): A function f is
LA(’ continuous from the r1ght (nght-contlnuous) at a 1f ]Jm f)=f (a)

Draw the graph of f(x)= Jx and use it to find hm f )= e

f‘/ _
/"’ ) -
Is f(x)=+/x right-continuousat 07 /,;./»}' =

X¥70
Definition: Continuity on an Interval’s Endpoint (Left-continuous): A function f is

’.? j. .
s oecguse Jay #09) = +(0) [(o)- ,5;5

continuous from the left (leﬁ-contmuous) at a if hm 1 f(x)= f(a). _e ( {)_ %2 4D
' AT 'J.. fﬂ‘)/ -
| / ¥ \
= 1 | (’) R . ' i
Draw the graph of f(x)=x?, x<0 and use it to find lim f(x)= O \ < o)=D =0
x—0" X \

~ This means f is the farmhar =
parabola but with a restrlcted .
domain; only graph the left half
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contmuous on all points in the mterval I s mae

If I contams endpomts (meaning its notatlon is written w1th square brackets and not _]ust
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Our knowledge about composite functions (Theorem 2.10) leads us to this rule.

/

THEOREM 2.12 Continuity of Functions with Roots
Assume # is a positive integer. If # is an odd integer, then ( f{x))"” 1 is continuous
/V at all points at which f is coNtnUOUS.

J(If n is even, then (f(x)) /" s 'is continuous at all points a at which f is continuous
and f(a) > (}

Agam this restriction about roots hinges on if the root’ s mdex (n) is even. If we are dealing with

7& a square root, fourth root, etc. we must ensure f (a) > 0 Otherw1se ( (a))/ would not exist
(in the real numbers). "’0 ;

f (x) x + 4 In the Ianguage of the theorem,
 we Imght be mvestrgatmg

= - '_.-.'__j(f(x)}y_—(x+4)y _ Jm -



= X*-2x +2

00 L% =
(Q/ n= 72

. g expl 5: Determine the intervals where g is continuous. At which finite endpoints is g
"/ continuous from left or right? %6 ‘
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{;ec at

“defined).

Picture the graphs of y= sin(x) and y= = cos(x). Would you agree that they are both contmuous
over the interval (—oo oo)‘7 Sketch them a bit here.

Theorem 2.8, part e, is used to show that the other main trig functions are continuous at 4, as
long as they are deﬁned at a. Consider the followmg definitions of these trig functions and think
on what values make the bottoms 0 (whlch would be those values for which the function is not

_ osec an

Dol -
/ o U
unde fned (% net ontinuou ) homﬂ% ol at
., -2 -2, T3 R
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y = tan(x) = (x) ﬂ S weuld be. y=csc:(x)=,—1— Th \s would ba

= ~F \ ' ore ic0(x) C
y=secld=rs s wredd | y=eot) = This weuld

Ve not conthmous at ke not Conmieus ot

x = Lont ne? X znr e ne 7.

Here is a graph of the tangent function I got from
https://www.varsitytutors.com.

You can see where the function is undefined (vertical | 4 1L b L. o ]
asymptotes) are exactly the points of discontinuity wo il tga1 dg3 441 o TF 141
predicted above. ' '

+€w< [§ VY
%\,Q,L ¥ L[(,((/J MLM@L"’_ |

O/U\\‘v |
\U @4,@, JC/M 1 € ﬁ O uJ Wp )Nu B

n«'“"@:i

e

e,
s

P



Continuity of Transcendentals: Exponentials and Logarithms:

We next consider the exponential functlon f (x)="5" where b>0 and b# 1. As you wﬂl recall,
its domam is (—oo, oo) and it 1s contlnuous along its entire domaln

Draw an example of this function where b <1 and one where b > 1 for your reference.

f(x)=8&" where 0<b<1/(ﬁ‘""' . J()=b" where b>1 e

Recall, the inverse of the exponential function is the logarithmic function. We also see that these
functlons are continuous over their entire dornains.

Draw an example of this function where 5 < 1 and one where b > 1 for your reference.

F(x)=log, x where 0 <b<1 f(x)=log, x where b>1

What is the domain of these log
ﬁmction"s?_It'wﬂl be the same as
 the range of the exponential

functions from whence they came.

=1t happens to be true

that a continuous -
function’s -iﬁverse_Will

also be continuous. s

= /a\



Intermediate Value Theorem (IVT):

This is a surpnsmgly handy fact. It says thatif a func‘uon is contmuous m some mterval then the

——

picture from the book
* Intermediate Value Theorem |
¥4 ¥a
foy+

flap+ y=fx
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There is @t least one number ¢ in (g, ) such that f1c) = L. ]

{ where L 15 betweed f{a) and f(B). |

Figure 2.51
) Ll_,(.{—:l"
Here is the statement in its full glory. W Lt

P i
2{/ THEOREM 2,14 Intermediate Value Theorem /

Suppose f is continuous on the interval [a, b] and Lis a number strictly between
j(a) ;’md f b) Then there exists at least one number ¢ c in (a, b) satisfying

(X WLL%’

The book shows us why the function must be ¥

. . ] f:;nmcommunus on [rx b}

continuous for this statement. See the example herge >

that i is not continuous and so does not necessarily forr y = f(x)

have sucha pomt '

: T, i o o e
We will use the theorem on the next page. /
’ ’ fia)+

This was more useful before the advent of graphing

calculators. However, you will still see this theorem e —

used in higher math. a _ Bt
... and there is no number ¢ |
infa, &y such that ficy = L. |

Figure 2.52
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= expl 6: Use the Intermediat. Value Theorem to show the following equation has a solution in the
given interval. Use a gr pé:@r to find the solutions, rounding to three decimal places. Lastly,
graph the function y/éper = ,

#5521, (-1,5)
\\/_\ ~ __,_.-/ I‘\ X /.
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—f—FT0n thetheorem, determme o =
and b.Find f(a) and f(b). Ts -'_- —

: - the premise of the theorem e
satlsﬁed'? Can you useit?

U.

U"i o

( " {0) ‘
l\@'{ L = / /l o €N , Ouuf e See lt\ oW L ;g;
,-*l‘“i W, betuscen WQ(OD = =8 ad L)=10

o \H‘Q’DP@“ t Sapd \HULLL W B (’l_uL‘_ [east Gna
e © i () sl Ko =Lo-1

o =

\ L)

11




