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Calculus I e ad
Class notes O@
Linear Approximation and Differentials (section 4.6)

Imagine the graph of a generic function and the tangent line at hngent inet
the point P. Do you imagine something like the picture to the -
right?

Now, in that beautiful imagination of yours, zoom in on that
point. You can also zoom in your actual head. If you do it fast
enough, you get a rush. Don’t do it too fast or you’ll hit your
head.

Zoomed in, it looks like this. Zoom in even further.
Go ahead, do it with your head; I know you want to.

Zoomin .
¢ 7

Seriously, why not do it? No one is watching, or at least Zoomin' |
filming you, probably. Put your pencil down first. ~D

OK, here is what it looks like when you zoom in.

Do you notice that the tangent line starts to coincide with the

graph as we zoom in?

Now, here’s the cool thing about this. If we nee_d to approx1mate the f (x) value for an x-value
__near ﬂ]lS  point P, we could, in fact, use ise the tangent lme , et e v o

'Ifrour x-value was not =

near P, the tangent line -

Would not give agood > =
approxxmatlon,

Do you remember the formula for thz_el equation of the :
tangent line of f(x) at x = a? erte it here and '

solve for y (‘; ))(D- ;i,.: O ;"_K
(“K 3 (j { -
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DEFINITION Linear Approximationto fata

Suppose f is differentiable on an interval [ containing the point a. The linear
appruxm.latmn to fat a is the linear function °@

;,(:ﬂ;"-‘t ’ f L{x) = fla) + f (a){x —a), forxinl.

~

We introdu_ce,a'newp :
function, L(x);_I_E
approximates f(x)

y
/ Of course, to do this, f'(a) must exist.

for x-vaiues near a.

——

¥ expl 1a Find the linear appr0x1mat10n to the functlon below at the given point a.

\ f(x) x—5x+3 ,Ka 2 {(2) 2 ’[‘ iele

L= £(2) + ~P (=) (x- 2)
| + F (%2
= |+ ?}g_-w
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More Exploratlon | (Errors):

We are asked
for L(x).

g TS T

Ifs?your function L(x) to approximate f(x) ( T 2 1 Then use the original function to fmd

the exact value of £(2.1): How did 1 your appr0x1mat1on d0‘7

e OOO .

L(2.D=7(=) A3 = 1%
£(2.D)= 9,1 5(2.))+3 = 1. 76!

We can subtract

f2.10)- L.(2.1) '
to find the error.

Af)l” ‘(\fu’u“’ . IS I‘{'”ﬁf l¢t?6(”' ]tﬂ:ll

_,-* "‘x) :

Graph the f(x)=x’—5x i) and the tangent

line at a = 2. Again, the tangent line is ]ust N
Lo M LEO
the L(x) we found. Zoom in and you’ll see
why we got anunderestlmate . (You should [ A e
see that the tangent nt line is below fx).) =
W Zoom
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More Exploration (Values far from a) | .-'
Use your function L(x) to approx:mare f (x) at x= 4 u»,se the 0r1g1naI funcuon to ﬁnd the
exact value of f(4). How did your approximation do?

~Youdo not need fo
subtract to see that this
approximation did not

work. Return to your graph _

and extend L(x) to x=4.

. = . \

100 'f-_:e’i

\/(), /((f ..{-Yl .

Concavity: y s A
onsider these two functions. One is ' ko by Lo

concave up and the other contave (7 cancave up at @, il i ol s A
= s : prapl of £ Hes below

down at a. Notice how the tangent |t ol freucs,

line for the concave up graph (left)
would always underestimate f(x).
The opposite happens on the concave sy
down graph (right). Crazy! P

¥ =f(r) " i
1a, flayy oA U e
5 : Lovers stimates

values of f neac a.

L underestiroates |
values of foear a. |
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Recall, from a previous section, concavity and f "(x) are related.

—

It turns out that a Iarge value of | f ”(a)J means | that the graphs of f (x) and L(x) diverge

quickly (resultmgmlarge errors) However asmall value of } i "(a)] means that f (x) and L(x)

R

diverge less qulekIy (resulting in smaller errors)

I e R s R R A A I e
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f"(a)l is &

small, we call that small curva_tu__re._- =

Definition: Curvature: Curvature Iarge curvature When

is tﬂé - degree of concavity. ". 2

expl lb ‘Once again, consider 7 (x) = x’ —3X%+3
and 1ts hnear approximation L(x) 7x 13 when a= =2,

F]_Ild f f ”(2)| Does it seem large‘? Small“? How How canyou f tell'7 !
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More Exploration (Second Derlvatlves and Errors):
expl 1c: Redo the procedure for'a= 0. That s, ﬁnd i (0) and f” (0). Use them to form the
g ubleninic

function L(x) and approx:mare f (x) at x=0.1. N s N
L&) L 'f' ‘ l_r j( /l rf, ) . . - —,
= [I” N0y =) (o)) = Q&S
ch + +(0)(AT0) |
‘._(,X) 5 - 5(,7\ w(() ]) "., 5 (O i,‘ g
- B D n <ol
(} - Al - 5X t e -+ v__u. = K, - o

How did your approximation do?

Complete the table so we can a | f(a+01) | L(a+0.1) | error f'(a)
explore the congetion between 2 [ 176l 17 0061 | 12

the error and the absolute value
of the second derivative.

probably produce 1t from memory  and your
transformations. Draw it now.

Do you see how the value of | f ”(x)’ |6x]| gets larger as we get further from x=D? That

indicates a larger curvature on these parts of the graph of f(x)=x"—5x+3 Wthh rmphes our

approxunatlons wﬂl be worse as we get further from zero.

o= L0 = -sx3 [ F0S
Give yourself a graph of the function ‘t\
and both tangent hnes using the ‘ \".. ; =13
wmdow [ 25 2 5] ‘{ [2.5, 10] - S /
You will see that th that the tangent line at ) i i \/ e
a =0 coincides with f(x) longer than / \/ ---?{./

in other | places. Also of note is the fact _
that the tangent line is above f x)
when x <0 and below it when x> 0.

Note that the graph has a point of inflection at x =0.



) Estimating Change with Linear Approximations:
0 Let’s revisit this linear approximation and use some famlhar nota‘uon to denote what we’ve got

S~ Lx)= f (@+ f'(a)(x—a)
i (x} y(a)+f @@-a) °O O S see e the left s;(i;;S_Ay leemse do

[?-,)_“‘i‘() f )LJ&‘ (\)
Ag X
This means that the change in y (function values) is approximated by the correspondmg change
in x-values magnified or dumnlshed by a factor of f '(a) . Here, the book makes this official
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and gives us a plcture

you see Ax ? Rewrite our equation
with this delta notatlon

Relationship Between Ax and Ay
Suppose f is differentiable on an interval I containing the point «. The change in
the value of f between two points g and @ + Ax is approximately

Fa I
S ST e ey S s ﬁ__:‘.';::_.w I &)‘(W‘f’{a) ﬁ.l:, ]

@x;?‘(s_/'i (2

Look for Ax, Ay,
~and f'(a@)Ax.

wherea + Axisinl

So, what good is this? It leads to
an important discussion of ¥4 y=s0 O
dlfferentlals But it will also give 4
us 1n51ght for some inferesting ~ o fun A v = L)

i

applications like our next - ____-__i
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i OL‘H ., exa@pe 1) -

_Equﬁj 1 o C :e-xpl 2: We are told that the N 7 P " ) ‘( ﬁ;h[;:?}t;ir ;
atmospheric pressure at an . % AL

e

F{‘é—g’ —altltude of z kilometersisgiven

s

|

: f
otmes.” / vy P(z)=100067 g4 ospheres, © :
oo ). Approximate the change in the e
) atmospheric pressure when the altitude increases from z=2 km to = 2 01 km‘
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2,0l Jem; \he afwos, Pressure decreases ((P(2) = —looe
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Differentials:
We have seen these before. We simply delve deeper here.

Consider our function f that is differentiable on an interval containing x = a. If the
x-coordinate changes from @ to a + Ax, then the corresponding change in f is exactly

Ay=f(a+ax)-f(a).

Y=flara)fla) ORICYZ ) I
Give yourself a quick picture of a generic ( 0¢a) / L&)
function with the x-values @ and a+ Ax _ﬁ(%\ h_r-u = (a f A X, L {JM ;\,,«D

along with their function values. s |'
( o at AX
On the other hand, if we use the linear approximation; L(x) f (a) + f (a)(x a) Jwe would get

AL=L(a+Ax)-L(a). Complete this to see what this is equal to.

= Lla) + @(QXJOL+Z\>(#C\) CQCCO P LQ—G))
AL T -Péa) + L' (a)ax = L(2)
A= Flayax s

Recall, AL ‘éf
approximates Ay .

0O

Add the tangent line at a to your picture above. Recall, this is the line L(x).

Recall, this alternative
notation for the
derivative was given
in an earlier section.

/ Definition: Differential, dx: This is equal to Ax.

Definition: . Differential, , dy: This is the change in the linear
apprommatmn dy AL = f (a) At We now can see that dy ~ Ay.

So, we can now Wr1te dy f (a)dx for the point x = a. &)

d _—
B
For the variable point x, we would have!dy f )dx l or rather/ b {L)/

= ~o

| exp_lJLE;press the relatlonshlp between a small change in x and the correspondmg change in y

“in the form Ldy f (x)flL i DX = J,"x‘ \ T

f(x)-"/a | i i Aclj ?3'03
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)= X2
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