!'} ﬁmk - We know addition undoes subtraction ,
N7 ~ and square rooting undoes squaring.
Calculus I Cers What undoes taking the derivative? E
Class notes s 0O o = -

Antiderivatives (section 4.9)

When we differentiate a function like g(x) = xz‘, we get g'(x) =2%.

But can we go the other way? What if we were given f(x)=2x and asked to find the function

SN . - SE——

whose derivative would be this I (x ? Would there be just one possible answer’?

This is the idea of the antiderivative. Qur book presents it in this traditional way.

DEFINITION Antiderivative
A function F is an antiderivative of f on an interval I provided F'(x) = f(x), for
allxinf

Notice that we use capital F and lower case f so be careful with that. If you are noz already in
the habit of maintaining case with variables, please work on that. For the example we started

Wlth we say that F (x) x is the ‘antiderivative of f( (x)=2x because F (gc)_ f (35)

So, we will be given a function which is said to be the derivative of an unknown function. It will

be our ]Ob to ﬂgure out the orlgmal function. This concept will lead us to some truly lovely

~ mathematics called mtegratlon But, first things first ..

Let me give you another one. Suppose that F (1= 3x Can you guess its antiderivative? Or

rather can you guess the funcnon whose derzvarzve is rhzs f ®)=3%7

g HO) = X7+ 7
FO9 = x )= X2+ 4

If you sald F (x) x, then I say “Bravo” But is that the only p0551b1e answer? Can you thmk of
another function whose derivatlve is f(x)= 3x ? When you come up with others, name them H

or G or the like. To be clear, any function whose derivativeis f(x) =3x? is considered an

antiderivative of f(x). We call this a family of antiderivatives.

THEOREM 4,14 The Family of Antiderivatives
Let F be any antiderivative of f on an interval I. Then all the antiderivatives of f
on [ have zhe form F + C whcre Cis an arh:traly constant,

——— e
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I like the picture the book gives so here it is.

Again, con51der some function g(x) whose antiderivative Gt Csy
1\ fir)] FHFCL
-

is 6. Hanee, £69=80). (o (5/() 909

d GO +C N
Wouldn’t it also be true that E(G(x) +c)=g(x) for any \

constant c‘? What derlvatlve rule are we relymg on here?
-
&

Vs \ <
( r) = N
—— { Y |
\ Ly -
4 o
}\-

: V-When you add or ubtract a rea] numbe
Zﬁom a functlon (t‘nese vahles of C,) 1t
' graphs asa vertlcal translatlon =

Integration Notation:
g =1
For this new concept, we have new notation. We will write _[ f(x)dx = F (x) That symbol can be

——eee £

thought of as an elongated S for “sum”; that will be explained later. We say thls is the mtegral of £

[e—— — ——.

You can think of thfe I symbqlg_i‘j_q the dx part as two pieces of the same symbol. They say to
find the antiderivative of the function f(x) taking x as the independent variable. This function
f (x) is called the integrand. o

We would write j 2xdx=x"+c, ceR since %(x2 + c) =2x . We are undoing the act of taking

o

a derivative, just as we learned square rooting undoes the act of squaring a number.

Just as we had many shortcut rules to help us find
derivatives, we have integration rules.

Look carefully and you’ll see that they are simply
undoing the very process we practiced with differentiation.

So, put your shoes on backwards and grab a mirror. Backwards, ho!

\I



THEOREM 4.15 Power Rule for Indefinite Integrals

: Pl
J-ﬂ'(fxﬁ T b0 0@\
p+1 =

where p # —1 is a real number and C is an arbitrary constant.

THEOREM 4.16 Constant Multiple and Sum Rules
Constant Multiple Rule: J’cf (x) dx = C’I F(x) dx, for real numbers ¢

‘()6(&1((:7/ oQ =
\\" Sum Rule: j(f(x} + g(x))dx = ff{j) dx -+ Ig(t) dx

I would like to add a useful Ildx J' x’dx = x'+¢, ceR. This is direct result of the top rule but

it’s nice to explicitly state. I will also add I = _[ & = ln|x| +c,ce R%s it fills the gap in the

y
e

irst rule. We also have these gems from trig functions.
| '?able i%...? l;ﬁ&efir;ité iﬁtegra!s of Tr?igﬂ;in:&metri:: Functions
_— .. i«f - s - - i
L ';d, (sm X) = cosx => J.i,as xdr=siny + C
X

2, i-— (cos x) = —sinxy = I sinxdy = —cosx + C

|sec’xdx = tanx + C

*. d
ik B 3*" (33“*)”%&:,1 o

A, (mt x) = ~csclx = }mc xdv= —¢otx + C

d'r
. d : i . _
5 ;!— (secx) = secxtanx => Jse.f.:x tanxdy = secx + C
5
\ 6. o (csex) = —cscxcotx = ILQ;xchtz dy = —¢csex + C
X

N

You might also notice that these are called indefinite integrals. When we see the graphical
meaning of a function’s integral, this will make more sense. We will study both definite and

A

indefinite integrals. For now, think of them as undomg the denvatlve process

i
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expl 1: leves of the function q(s) csc (s)

(a2 (8) ds {m(s)-t—c ceR

st ¥
&)
- -S54+

4/i 
rl@)

.-.—-w-’"""’""‘—'fm‘
expl 3: Determine the indefinite integral.
[6xax

g@ *dx
@JS ’Bcix N

4}3
= é'_ﬁ.—-— + C




expl 4: Determine the indefinite integral.
=9y° 470
J‘ ¥y y Y dy

Sﬂ -4
S@ 53-)0(43. Q&WM& \SCFL&X%*SB

é{ﬁb_”

(=" Cedy - 5 Sy ML
L‘/ j (j % ‘ﬁ Houer Rude (%
- 43' - 5«3—— + O |

= ___L 232 +tc, ceR \i |

) i
|
{
J
' i 4
. S
e : — s

- --..,______“_

. :

‘f F(x)=x"4 +3x_+_%J3 ‘then whatis C ?

2= 9% +22+C
[3=4+b +C




0= 7

‘3(_)_})

fj(x) Sj ()c)dx

.. F"(JC) .

Introduction to Differential Equations: | €7
You will be given an equation that involves a derivative of an unknown function and asked to _ b
identify the function. This sounds like what we have been doing, doesn’t it? As we have seen,

that function would have to be written with some constant in place (c.c R ). Often, we will be
given more information so that we can solve for that constant as well. These are called uutlal

value problems.
expl 6; Find the solutlon to the mm@l value problem.

g'(x)=7x%-4x*+12 (g(l) 24 -

—— e e T w—

S (70( —%@ +l’2)4x | T?L! = 1Yl e

e e g

4WJ>< LerBAXHQSéD PR

C_ = ),:.

R ™
7 | ) 300+ ﬁ“ﬁﬂl%ﬂﬂ“
- o X + 274 T C/ I RO I

expl 7: Find the function F that satisfies the followmg differential equation and initial
conditions. ‘eg
F (0) 5

1)

F(0)=7

1
D
N

2

i FJ = SFiGydx

— () L"‘t - V))U_l/» _
5=20+C b g et
0 =5 Cz‘&xdx +ysdx Y
et j L,;- N
CiI6) =X +5 < = axt, _____""'J, c ‘

/ 3
i\ FO0)= x* +5x +C
T 3= 0G0 tCTe=?




Motion Applications:
We hangMOW an object’s posmon (s(n)), velocity (v(r) = = 5'(¢)), and acceleration

(a@®=v()=s' '(t)) are related. In the p past, we learned how to find the object’s velocity and
acceleration given its position. Here, with our new knowledge, we go the other way.

mwen the acceleration function of an object moving along a line, find the position
Mﬁmctlon iven initial velocity and position.
af) = 4 :#(0) j@i_) 00 e 'y
5 alt) dE -
:Sq&t ]
3 :4otc
L2~ =7, ‘i({')*q’t -3 :

g ‘;/
&

ai)= Swb)dt
Cosw) 7 ME 3 o+
NS 7 | P ‘-
- _'_g G;j ,,,,%7,._ ,B:E = o - | . -
R=2.030+C p——
c=2 —>»/| % () =2t _ 2+ +72

1
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Flow Rate Applications:
Whatever the function involved, if we know its rate of change (derivative), then we can use
integration to find the function down to a constant. Further if we are given some point on this
function (an initial point), then we can solve for that constant and know the function exactly.

A large tank filled with water has sprung a leak (taken to be time 7= 0) Water flows out

iy

of the tank at the rate of Q (#)=0. 1(1 0= z‘ ) for 0 < 3 < 10 in ,oizilulons per minute. (Presumably
it took ten minutes for someone to plug it v up )
@:Fmd the total amount of water that has leaked out after # minutes.

Th.lS ‘would be the function O(r). Do you see why? You may assume

\
\

out in that 10 minutes.




