~ We get back to integrals and see their
connection to Riemann Sums. And, what about
functions that chp below the .x-a)us') T

Calculus I
Class notes o O
Riemann Sums: Definite Integrals (section 5.2)

We now have the Riemann Sum that can help us estimate the area under a curve. Technically,
the area we found was bound by the X-axis, wasn’t it? We specifically kept to examples where
the function was drawn above the x-axis. In other words, our functlons were non- nega‘uve Here,

we see what it looks like when they’re not.” e e

Take a look at this picture of f(x)=1—x? on the Y4
interval [1, 3]. 2tk 135 175 235 275
. . ) ] wii .1 Iml_’;!.zj[s,
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But area is not negative! Or, is it? N Tf‘ﬁ‘ midpeint Riemann -g\‘\
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The Riemann Sum being negative does not mean it’s useless. We just have to relmagme what it

does mean. We are getting the negative of the area bounded by the functlon and the x-ams That
“could be useful. Here s a definition to start makmg sense of ﬂ'llS

/ DEFINITION Net Area
Consider the region R houndud by the graph of a continuous function f and the
x-axis bﬁ*EW{E&ﬁ X =qgand x = b 'E’he net area of R is the sum of the areas of

¢ is the sum of the arc the
_parts of R that lie above the x-axis minus thc sum of the areas of the parts of R ih'lt
lie bf.low the x-axis on [« b].

Here’s a picture of a function which is both below and ¥i
above the x-axis. '

Remam ahme
lhe ,x‘axm f

‘We will count area above as positive and area be}ow as
negatzve — '
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The Riemann Sum will naturally produce those signs. ol a -3
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expl 1a: Consider f(x) =4 — 2x. Sketch the function on the interval [0, 4].

X, | O =4-2(3)
o | 4-2('k) = 3
3o |4-2(%e) = |
)z |4-2(5]) = -
2 |Y-2(F) = -3

expl 1c: Show which intervals of [0, 4] make positive and negative contributions to the net area.
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The Deﬁnite Integral:

The Riemann Sum Z ¥F (xk)Ax approximates the net area. How could we find this area exactly‘?
k=1 S _

Imagine usmg more and more rectangles (making » blgger and blgger) These rectangles would
better fill in the area that we are after. At some point, they would be so close as to be
md1st1ngulshable from the curved area. How do we do that? Well, hrmts of course'

We have been using Riemann Sums based on regular partitions but the truth is that the rectangles

do not have to be of equal width. We define a general partition and a General Riemann Sum.
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DEFINITION General Riemann Sum
Suppose [xg, 1}, [x; %), -+ o5 [%,_ 1. x,] are subintervals of [a, b] wih

a:x:a'ﬁf'r% Xy K R ,{"x = b.

e

Let A, be the length of the subinterval [1}., ] and Tet Xr be any point in
I nd forkbe=1.2, ... 5%
Ay, Ax, Ax,
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If f is defined _en--[z'r,_%)}lsthe sum . 3@ . .

| 2 (%) Ax, fz—f(x:)ex.;_ + fQ)AY, + o+ f(G)AY,

is called a generai Riemann sum for j‘ on [a,b].

If you want a left, nght or rmdpomt R_lemann Sum then choose xk accordmgly

.

Now, as n gets bigger and bigger, the widths of these rectangles would get smaller and smaller,
wouldn’t they? We are going to say that these Wldths approach 0 as n approaches 111f'm1ty

If we compare all of the rectangles’ widths, there would be one that is the blggest Let’s define
A as that maximum value for widths. And this A would approach 0 as n approaches infinity.
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We are ready. "




he Definite Integral:

DEFINITION Definite Integral

[ A function f defined on [, b] is integrable on [a, b] ;f hm 2 f(x;)Ax, exists

“and is unique over all partitions of [a, b] and all chozccs of f,L ona part:tmn This
Timit is the definite integral of § from a to b, which we write

“ },\ f fx)dx = Jim s f(q):‘hi

f.%‘-‘-ﬂ]

So thc defmlte mtegral of a ﬁmctlon from a = B
~ to b isthe exactarea  bounded by the. =+

 function and the x-ax1s However we :
cons1der area below the x-axxs to be negat:ve '

ndefinite Versus Definite Integrals:
t is important to note that the indefinite integrals we saw earlier are very much related but are
not considered to be areas. An indefinite integral is an antiderivative ofa funcnon In other
(_& words, the integral of a fuma?fu?l“cuon whose derivative gives us the original
function.

On the other hand, a definite integral gives us t this net area. We will see, in the next section, how
the indefinite and definite integrals are related. And, wow, Just wow. Seriously, just you wait..

Definite Integral Notation:

"Uppertimit “Upper limi 3

It does help to see why the notation is the way it is. The left ofmcgradon o summaton
and right sides of this equation are analogous. o S W
5 T
F(x) dy = lim (xAX
The sum on the right, as A — 0, becomes a sum with an L“—v—‘ 40 .g’lf e
mﬁmte number of terms, denoted by the integral sign I on \ lntegrad \
the left. This was demgned o look like an elongated S for ii‘;’:jf;:“‘:j;n' 2‘;’:‘;;‘,’:;‘:&;
. sum. The limits of integration, a and 0, also match with b i =
: k=1 and n from the rlght ) ’ sisthe vatfable of iuegration. |

Recall that the f(x) part of the integral is called the integrand and that you should always think
of the J and the dx as two pieces of the same symbol This dx tells us that the independent
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variable is x. (A moldering pile of bones, Gottfried Wilhelm Leibniz, invented this notation.
Albeit, he was moldering less in 1675 when he introduced the notation.)
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Evaluating Definite Integrals:
You might have noticed the definition of definite integr

functions we encounter will be integrable.

Vi ——

al used the term integrable. Most of the

/ THEOREM 5.2 Integrable Functions
[ If £ is continuous on [, b] or bounded on [a.b]

k nuities, then f is integrable on [a, b].

with a finite number of disconti-
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pI or the integral below, do the

lowing.
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, ) Sketch two graphs of the integrand on the
- interval of integration. Shade the areas

bounded by the x-axis.
b.) Calculate Ax and the grid points xo, x1, |-
Xn. Use n=4. Label them onyour ~-| ]

X2y e
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d right Riemann Sums. Also, tell which

underestimates and which overestimates the area under the curve. Use the table below to help

you orgamze

FE) = (X2 -2
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Properties of Definite Integrals: ] u 0
~

Some of these are common sense. Like, what do you think _[ xdx 1s‘7 Think about the area that

this would find. You can draw some pictures to understand most of these.
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*& 4. J {’(j( X)ds=¢ I 4i’f'('t:)dx for any constant ¢ /

| =
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| 6. The function | f] is integrable on [a. b], and 21 7()}dx is the sum of the areas of the regions
“bounded by the graph of f and the x-axis on [a] b].

Here’s a picture for one of these gems. Guess which one! Fill in the labels I have blanked out.
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/" expl 3: You are given that If (x)dx=8 and _[ f(x)dx=5.Find the following. |
e 1 1 O

(a))j[ SR b.) ,lf f(x)dx DPWP;L c) ]f_lz o) ;_)__5,1-;4
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expl 5: For the Riemann Sum given here, =ider_ltig / and express the limit as a definite integral.
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Integrals of Piecewise Functions:
An exercise in the book gives us the following.

Suppose f is continuous on the intervals [a,p] and [p, b] where a<p <b witha finite jump

at p. It is true that If(x)dx _=T f(x)dx +jf(x)a’x .

.
expl 6: Use geometry to find J. f(x)dx forthe function f(x)= {
1 la %
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£(s)= 1o-2(4)
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