What do y-values approach as x
approaches infinity? In other words, what is
happening at the ends of the graph?

Calculus I —
Class notes OLY,
Limits at Infinity (section 2.5)

In the last section, we explored limits such as lirrg 1x2 and noticed that the answers could be

infinity or its negative. Interesting. As x approached some finite number, the y-values
approached infinity or its negative. Let’s switch the question around a bit and ask, “What
happens to the y-values as x approaches infinity?”

We have actually answered this question before in algebra class. You have studied the end
behavior of polynomial functions and horizontal or oblique asymptotes of rational functions. So,
we will play with those kinds of functions but also explore this question with regard to
trigonometric or transcendental functions.

Definition: Transcendental function: A function that cannot be written as a finite combination
of addition, subtraction, multiplication, division, raising to a power, or roots. Examples include

y=e', y=log, x, or trig functions.

We will explore these at the end of
the Notes. First, let’s deal with

A fun application of the some more familiar functions.

question we answer here might
be to figure out if a population or
oscillating structure reaches a steady state as time progresses.

Start on the Standard
Window but you’ll want
to change your window
to something like
[-10, 10] x [0, 0.001].

expl 1: Use a graph to determine lim2x™ and lim 2x7°.

X—>® X—>—00

Recall this function can

also be written as y = 2 ey

Do you remember the
horizontal asymptotes of
rational functions?



Definition: Limits at Infinity and Horizontal Asymptotes:
If f(x) becomes arbitrarily close to a finite number L for all sufficiently large and positive x,
then we write lim f(x)= L. The line y = L is a horizontal asymptote of f'(x).

The same thing goes for lirp f(x)=M where we would say f(x) becomes arbitrarily close to a

finite number M for all negative x-values that are “sufficiently large in magnitude”.

yi
We use M here to indicate that the two limits lim f(x) =L
are not necessarily the same number (but will —

be in the case of rational functions).

Here is an example of a function where the X = —0
two limits are different. :

,_.____
=Y
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lim f(x)=M
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We will use the rules we
were given in an earlier

section. Go term-by-term. Figure 2.30

O

Algebraically (Analytically) Finding Limits:
& y( y ¥ & When thinking about y = lx ,

expl 2: Find the following limit.

lim(5+l+£j

X—>0 X X

we imagine x getting bigger
and bigger. Describe what is
happening to the values \
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Give yourself a quick graph of y = cos(6).
Use a limit rule to rewrite this as the
quotient of limits. For the bottom, what
would 62 approach as 6 approached oo?

Trig Limits:

expl 3: Find the following limit.

oO

. cosd
lim >
—0 0

If the top of a fraction is
somewhere between -1 and 1 but
the bottom approaches oo, what
does the fraction approach?

COS X

For an added bonus of “Wha?”, try graphing the function y = first on the Standard

2
X
Window and then on the window [-50, 50] x [-0.01, 0.01]. Be sure you are in Radian MODE.

OOO

Is the universe
playing tricks on us?

Infinite Limits at Infinity:
Wha??

What functions have you seen that satisfy f(x) approaches positive or negative infinity as x
does the same?

Definition: Infinite Limits at Infinity: If f(x) becomes arbitrarily large as x becomes
arbitrarily large, then we write lim f(x) = o . Similar language will be used to describe

lirpf(x):oo, lim f(x)=—o, and lirllf(x):—oo.

Again, these limits
do not exist but this
is a handy notation.

Do you recall the four types of end behavior for
polynomial functions?



Recall: End Behavior of Polynomial Functions:

The end behavior (how the y-values behave at the ends of the graph) of polynomial functions is
solely determined by the leading term (term with the highest exponent). The leading coefficient
is the coefficient of this term. The degree is this highest exponent.

Below is the Leading Term Test, used to determine the end behavior of any polynomial
function. If you need more review, ask me and I will direct you to my Algebra Worksheet
Polynomial Functions: End Behavior on www.stlmath.com.

Leading coefficient is negative Leading coefficient is positive
Degreeisodd |as x > —», y > « as x—»—o, y—>»-—wx

as X —» o0, y —» —w as x —»o, y— o
Degreeiseven |as x > -, y 5 - as x—»—oa, y— o

as X =, y = - as x—>ow, y—

Here, we write this knowledge in terms of limits at infinity.

THEOREM 2.6 Limits at Infinity of Powers and Polynomials
Let n be a positive integer and let p be the polynomial
pix) =ax"+a,_x"'+---+ax* + ax + a, wherea, # 0.

1. lim x" = o whenniseven.
x—tox
2, Iim x" = @ and lim x" = —% when n is odd.
x—+o x—F=—ic
1
3. lm —= lim x™"=0.
x—toe X x>+
4. lim p(x) = lim a,x" = * =, depending on the degree of the polyno-
B i o Y—s» T L xs

mial and the sign of the leading coefficient a,.

OO

Recall the way a polynomial is
written. The term a,x" is the leading
term where a, is the leading
coefficient and » is the degree.




. o °00 .
expl 4: Find the following limits. Only the leading
terms need be

a.) lim (3x7 + xz) considered.

X—>—00

b.) lim(3x" - 9x*)

X—>0

Limits at Infinity for Rational Functions:

After some practice, you will be able to do some of these intuitively. Remembering the rules for
horizontal and oblique asymptotes for rational functions will certainly help.

A good technique is to divide al/ of the terms in the rational function by x" where n is the
degree of the denominator. You then deal with the limit term-by-term. Let’s try that before we
explore the rules.

Divide every

expl 5a: Find the following limit.
term by x*.

o000

. 2x+1
lim 7
X—>00 3x — 2

Interesting, hmm?

5



The following information is based on what we learned about rational functions back in algebra.
Recall, the horizontal or oblique asymptotes of these functions depended on the degrees of the
top and bottom.

THEOREM 2.7 End Behavior and Asymptotes of Rational Functions

q(x)

p(x) =ax" + a

Suppose f(x) = is a rational function, where
L Pt gt g +a, and
g(x) =bx" + b,_x""'+ -+ bx’ + bx + b,
witha, # Oand b, # 0.
a. Degree of numerator less than degree of denominator If m < n, then
I_lirl_}x f(x) = 0,and y = 0 is a horizontal asymptote of f.
b. Degree of numerator equals degree of denominator If m = n, then

HT f(x) = a,/b,, and y = a,,/b, is a horizontal asymptote of f.

¢. Degree of numerator greater than degree of denominator If m > n, then
lim f(x) = % or —=, and f has no horizontal asymptote.

x—=*tx
d. Slant asymptote If m = n + 1. then lir}:. f(x) = = or —=, and f has no
X+
horizontal asymptote, but f has a slant asymptote.

e. Vertical asymptotes Assuming f is in reduced form (p and ¢ share no com-
mon factors), vertical asymptotes occur at the zeros of g. O

expl 5b: Redo the limit here by
using this theorem.

The book uses “slant” instead of
oblique. They also add a bonus
about vertical asymptotes but it has

. 2x+1
lim

- nothing to do with these limits.
x>0 3" —2



The technique we developed in example 5a was not a complete waste of time. Consider these
examples.

This is not a rational function. Do
you know why? Divide all terms

expl 6: Find the following limit.

°cO()
. 40x* +x7 +5x
lim

by Jxt = x* to get started here.

Here, we should not divide all by

expl 7: Find the following limit. \/? — 3 If % — — oo (which we

" 40x° + x* +5x assume), x° is negative while +/x° is
im ———

positive. To fix this, divide top by —x°.
/



A Word About Example 7:
This issue only arose because the limit assumed x was negative. We would not do anything

special if the limit was “as x — 00”. Dividing by +/x°* = x’ on top and bottom would be fine as
they are indeed equal when x is positive.

I will leave it to you to find the limit as x — . You will see that you get a different answer.

Interesting, this function has a different horizontal asymptote on the left as it has on the right.
Again, this is not a rational function as the bottom is not a polynomial.

o
O

Graph the function,
grasshopper.

Vertical Asymptotes:
You might be asked to find the vertical asymptotes of a rational function. Let’s do a quick
example to jog your memory.

expl 8: Find the vertical asymptotes (VA) and holes if they exist for this rational function.

o _(x3)(x-2)
==y

Cancel the common factor.
Then, the VA occurs where
the bottom is 0. The zeros of
any cancelled factors are holes
in the graph. Draw it now.
|



Transcendental Functions:

The exponential functions and their inverses, the logarithmic functions, are transcendental. The
trig functions we have been playing with are also. Can you draw these from memory?

y=e y=e"

y=Inx

Recall that e is an
irrational number
approximately equal
to 2.72.

The graph of y=¢ " can be

thought of as a reflection of y =e*

over the y-axis. The natural log
function ( y =In x) is the inverse of

the exponential function y =e".

Fill in these limits as you see them from your fine graphs.

lim e* = Iim e = IimInx =
XY—>—w x> —w x—0"

lime* = lime™ = limlnx =
X—> 0

X—> © X—> 0

expl 9: Find the following limits.
a.) lim (1-Inx)

X—> 0

b.) lim (1 —In x)

x—0"



